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Coherently manipulating flying qubits in a quantum wire with a magnetic impurity
Lan Zhou1 and Jing Lu1
1Key Laboratory of Low-Dimensional Quantum Structures and Quantum Control of Ministry of Education,
and Department of Physics, Hunan Normal University, Changsha 410081, China
We study the effect of a magnetic impurity with spin-half on a single propagating electron in a one-
dimensional model system via the tight-binding approach. Due to the spin-dependent interaction,
the scattering channel for the flying qubit is split, and its transmission spectrum is obtained. It is
found that, the spin orientation of the impurity plays the role as a spin state filter for a flying qubit.
PACS numbers: 03.67.-a, 03.65.Nk, 72.10.-d, 71.70.Gm
I. INTRODUCTION
Qubits are the quantum state of given physical sys-
tems. There are two kinds of qubits, the first kind is
called stationary qubits which are fixed into space, the
second kind is the so-called flying qubits whose position
changes in time. To faithfully transfer quantum informa-
tion, individual qubit control would be desirable. Con-
trolling qubits are implemented by a sequence of logi-
cal operations or quantum gates. For stationary qubits,
quantum gates are performed by choosing a proper time,
however, a logic operation has to be fixed into space for
flying qubits.
Nowadays, more attention has been paid on the use
of the flying qubit due to the advantage that it allows
one to entangle distant stationary qubits that never in-
teracted directly [1, 2]. Therefore, there are with keen
interest in seeking new device for controlling flying qubits
[3–15] . Photon is the archetypal flying qubit, which is
special ideal for long distance communication due to its
high speed, strong stability and minor loss. Therefore
quantum devices that enable new filtering and switch-
ing functions have been proposed, such as single photon
transistor [7, 8], quantum switch [4–6, 10]. The spin of
a propagating electron is an alternative leading candi-
date for a flying qubit [12–15] in short distance commu-
nication mostly due to the intrinsic nature of electron
spin, namely that the spin degree of freedom is well iso-
lated from the environment. The ability to manipulate
an mobile spin qubits is indispensable for the potential
application in quantum information processing. A sin-
glet spin filter has been proposed by the Coulomb inter-
action between a flying qubit and the trapped electron
in a weak confining potential [14]. Later on it was gen-
eralized to a potential well with multiple bound orbitals
[15]. In this paper, we propose a scheme whereby a single
propagating electron is subject to a spin-spin interaction
with a magnetic impurity in a quantum wire. The local
external magnetic field removes the degeneracy. Then
the spin-dependent scattering behavior of the propagat-
ing electron has been investigated via the tight-binding
approach. Due to the spin-flip interaction between a sin-
gle propagating electron and the magnetic impurity, a to-
tal reflection of the propagating electron has been found
by a proper choice of the injection energy of the electron,
0-1-2-3 1 2 3
ξ
FIG. 1: (Color online). Schematic of the perfect quantum
wire in one dimension, where a magnetic impurity with spin-
1
2
is embedded in the 0th site.
i.e. a spin filter is formed which filters the electron spin
antiparallel to that of the magnetic impurity.
This paper is organized as follow. In Sec. II, we intro-
duce our system, a flying qubit in one-dimensional (1D)
model systems with a magnetic impurity inserted locally.
In Sec. III, the spin-induced multichannels is found for
this 1D quantum wire. And via single-electron configura-
tions, the quantum transport of the flying qubit has been
analyzed. A spin switching mechanism is provided on the
Fano resonance, which is cause by the coupling between
the bound state outside one energy band and the contin-
uum in the other band. Conclusions are summarized at
the end of the paper.
II. A FLYING QUBIT WITH A MAGNETIC
IMPURITY
The model we considered in this paper is shown in
Fig. 1. Thanks to the success of nanofabrication tech-
niques in producing extremely small quantum objects,
this kind of quantum wires are now close to reality either
by small semiconductor and metal structures as a fab-
ricated quantum dot array [16, 17], or by the scanning
tunnel microscope [18, 19] as the atomic chain.
The system in Fig. 1 is a one-dimensional wire, which
also has a impurity embedded in a host lattice. The
Hamiltonian of this system consists three parts
Hc =
∑
σ
Hcσqw +H
c
fr +Hex, (1)
2where
Hcσqw =
∑
j
ωa
†
jσajσ +
∑
j
ξ
(
a
†
jσaj+1σ + h.c.
)
, (2)
Hcfr =
∑
σ
(ω0 − ω) a†0σa0σ +
∆
(
a
†
0ea0e − a†0ga0g
)
+ 2ΩIS
z
I ,
Hex = −2Jz
(
a
†
0ea0e − a†0ga0g
)
SzI
−J
(
a
†
0ea0gS
−
I + h.c.
)
.
Here the superscript σ ∈ {e, g} in Hcσqw describes the spin
degree of freedom, where e (g) denotes spin up (down).
The host lattice is modeled as tight-binding Hamiltonian,
which is represented by a sequence of potential sites with
on-site energies ω except the one at j = 0, and constant
amplitude ξ of hopping between the neighboring sites.
a
†
jσ (ajσ) is the creation (annihilation) operator for the
1D wire. The magnetic impurity of spin SI is located
only at one site, which is chosen as the origin. A given
spin state of the impurity is changed by the spin rising
operator S+I and lowing operator S
−
I . In Eq. (2), Hamil-
tonian Hcfr has taken the interaction energy of the spin
magnetic moments with the magnetic field into account
through the terms ∆
(
a
†
0ea0e − a†0ga0g
)
for the propagat-
ing electrons and 2ΩIS
z
I for the impurity. Here, ∆ and ΩI
are the Zeeman splitting of the energy levels in the pres-
ence of an external magnetic field along the z-direction.
The exchange interaction among spins, which is a short
range point-like interaction localized at the point j = 0,
is described by Hamiltonian Hex. Here we introduce the
anisotropic spin-spin interaction with XXZ-type. Since
we are interested only in the coupling to single impu-
rity, the interaction here is written in terms of the single
spin operator above, rather than the second-quantized
description of the impurity. By the Fourier transform,
the Hamiltonian for the conduction electrons reads
Hcσqw =
∑
k
(ω + 2ξ cos k) a†kσakσ
where a†kσ and akσ are the usual creation and annihilation
operators of the conduction electron with wave vectors k
and spin σ. And the anisotropic spin-spin interaction
reads
Hex = −2Jz
N
∑
kk′
(
a
†
keak′e − a†kgak′g
)
SzI
− J
N
∑
kk′
(
a
†
keak′gS
−
I + h.c.
)
where N is the number of sites in the lattice.
∑
σ H
cσ
qw +
Hex is the Hamiltonian for the system consisting of a
localized spin in interaction with the conduction band,
which is a simpler Kondo model when Jz = J .
(a)
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FIG. 2: (Color online). The reduced one-dimensional quan-
tum wire: (a) in the subspace with all spins up or all spins
down; (b) in the subspace with one spin up and one spin
down.
III. CONTROLLING THE PROPAGATING
ELECTRON IN 1D QUANTUM WIRE
A flying qubit is a physical realization of a qubit which
moves freely and allows information to be transported
from one location to another. Obivously, the spin of an
electron propagating along the host 1D structure acts as
a flying qubit, it also interacts and exchanges information
with the magnetic impurity due to the exchange interac-
tion. For the sake of simplicity, we assume the magnetic
impurity is a spin-1/2 particle in the following discussion.
The single-electron particle picture is employed to study
the quantum transport in a quantum wire throughout
the paper. In this section, we will first derive the eigen-
value equation, and then study the quantum transport
and discuss how to manipulate the flying qubits in this
system.
A. spin selective scattering
The total spin in z direction is always conserved dur-
ing the time evolution of an arbitrary state. However,
the applied magnetic field breaks the spin degeneracy.
Therefore, dependent on the spin-orientation of both the
Bloch electron and the magnetic impurity, the Hamilto-
nian in Eq. (1) can be rewritten as the direct sum of three
parties: Hee, Hgg and Heg. Here,
Hee = H
ce
qw +ΩI + δea
†
0ea0e (3)
corresponds to the subspace with all spins up, where δe =
ω0 − ω +∆− Jz.
Hgg = H
cg
qw − ΩI + δga†0ga0g (4)
is the Hamiltonian of the subspace with all spins down,
where δg = ω0 − ω −∆− Jz . The two-by-two matrix
Heg =
∑
σ
Hcσqw+
[
ω¯ga
†
0ga0g +ΩI −Jxa†0ea0e
−Jxa†0ga0g ω¯ea†0ea0e − ΩI
]
(5)
3describes the interaction in the subspace with one spin
down and one spin up, where
ω¯g = Jz + ω0 − ω −∆, (6a)
ω¯e = Jz + ω0 − ω +∆. (6b)
In Eq. (5), the off-diagonal elements present the interac-
tion of the electron spin with the x and y components
of the impurity spins which leads to spin-flip. Obviously,
the original single-band split into subbands with energy
separations controlled by the local magnetic field applied
to the impurity. In Fig. (2), we give a sketch of the equiv-
alent quantum wire in different subspaces. In subspace
with all spins up or down, it is a 1D chain with nearest
ineraction, however in other subspace corresponding to
the mixture of the singlet and triplet states, it is two 1D
chains which get crossed at the point j = 0.
B. scattering in subspace with all spin down
Now we study the transport property of the Bloch elec-
tron in this system. Note that the configurations are sim-
ilar in subspace
{
a
†
jg |0g〉
}
and
{
a
†
je |0e〉
}
, as well as the
subspace described by Hamiltonian Heg when Jx = 0, so
we take the scattering problem in the subspace with all
spin down as an example. When the Bloch electron and
the impurity are widely separated, we can separate the
electronic and impurity-spin degrees of freedom. There-
fore the eigenstate for this subspace is in the form
|Ek〉 =
∑
j
u1k (j) a
†
jg |0g〉 , (7)
where |g〉 is the spin state of the magnetic impurity, u1k (j)
is the probability density for finding the Bloch electron
with spin down at the jth site. The wave function u1k (j)
in this chain are obtained from the discrete Schro¨dinger
equation
(Ek − ǫe − δgδj0) u1k (j) = ξ
[
u1k (j + 1) + u
1
k (j − 1)
]
(8)
where
ǫe = ω − ΩI . (9)
If we regard the hopping between different sites as the
kinetic term in Eq. (8), a delta-type potential is given
rise to by the exchange interaction between spins and
the on-site energy at site j = 0.
An incoming wave with energy Ek, incident from the
left, results in a reflected and transmitted wave. The
wave functions in the asymptotic regions on the left and
right are given by
u1k (j) =
{
eikj + r1e
−ikj j < 0
t1e
ikj j > 0
(10)
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FIG. 3: the contour plot of the transmission coefficient in the
complex plane vs the energy E in (a), the wave number k
in (b). k is in units of the lattice constant, E is in units of
hopping energy ξ, δg =
√
5ξ, ω = 0.
where r1 and t1 are some elements of the scattering ma-
trix. Using the connection condition at j = 0
u1k
(
0−
)
= u1k
(
0+
)
(11a)
(E − ǫe + δg)u1k (0) = ξ
[
u1k (1) + u
1
k (−1)
]
(11b)
the transmission amplitude can be found
t1 =
2ξi sink
2ξi sink − δg (12)
and the backscattering amplitude also can be obtained
by the relation t1 = 1+ r1, where the dispersion relation
Ek = ǫe + 2ξ cos k (13)
is used.
As the singularities of the scattering matrix give rise to
the resonant states, in Fig. 3, we plot the contour curve
of the transmission coefficient T = |t1|2 in the complex
plane. From Fig. 3(a), it can be seen that the trans-
mission spectrum possesses two resonance poles in the
complex-energy plane. Each pole is connected with a res-
onance level (or a quasibound state). According to the
Breit-Wigner formalism, the real part of a pole presents
the energy of a quasibound state, and the imaginary part
is related to the lifetime of the resonance level [20, 21].
In Fig. 3(a), these two poles are separate on the real-
energy axis, which means that each pole corresponds to
a bound state. These states are produced by lack of pe-
riodicity in r-space. Bound states are the eigenfunctions
in this system [22]. In this subspace with all spin down
(or up), bound states has no contribution to the quan-
tum transport, because scattering states survive only in-
side the band. However, in the subspace of antiparallel
spins, shown in Fig. 2(b), things become different. We
will discuss this situation in the following section. Ob-
viously, the energy of these bound states is tunable with
gate voltage at origin applied by a quantum point con-
tact, and the exchange coupling along z direction as well
as the magnetic field. Transmission zeroes also include
in Fig. 3(a), which appear at the border of the band.
4Transmission vanishes due to the vanishing group veloc-
ities at k = 0,±π. Figure 3(b) is the contour plot of
transmittance as a function a complex momentum. It
confirms the above results. Furthermore, transmission
vanishes and two bound states appear outside the band
at Rek = 0, ±π. This result can be found analytically
by substituting the complex momentum into the disper-
sion relation in Eq. (13). Actually the energy and the
formation of the bound states can be analytically gotten
by the following assumption
u1κ (j) =
{
C1e
(inpi+κ)j j < 0
C1e
(inpi−κ)j j > 0
, (14)
where n = 0, 1 and κ > 0. From the continuous condi-
tion given in Eq. (11b), the energy of the bound state is
obtained as
Ek = ω + (−1)n
√
4ξ2 + δ2g , (15)
and the normalized wavefunction reads
u1κ (j) =
{ √
tanhκe(inpi+κ)j j < 0√
tanhκe(inpi−κ)j j > 0
. (16)
Here, only bound states with even parity exist.
C. spin-dependent switch
We now investigate the scattering process of the prop-
agating electron in a subspace with one spin up and one
spin down. The stationary state in this excited space has
the form
|Ek〉 =
∑
j
[
u
g
k (j) a
†
jg |0e〉+ uek (j) a†je |0g〉
]
(17)
where uik (j) is the wave function of the Bloch electron
with spin i = e or g. Applying Eq. (17) into the station-
ary Schro¨dinger equation, one obtains
Jxδj0u
e
k (j) = ξ [u
g
k (j + 1) + u
g
k (j − 1)] (18a)
− (Ek − ǫg − ω¯gδj0)ugk (j)
Jxδj0u
g
k (j) = ξ [u
e
k (j + 1) + u
e
k (j − 1)] (18b)
− (Ek − ǫe − ω¯eδj0)uek (j)
where ω¯i (i = e, g) are given in Eq. (6), ǫe is listed in
Eq. (9), the parameter
ǫg = ω +ΩI . (19)
Equation (18) shows that there is a delta potential at
j = 0 in each channel, which can be adjusted by on-
site energy ω0, the Zeeman energy ∆, and the exchange
interaction strength Jz almong z direction. Obviously,
when Jx = 0, these two chains are independent. From the
above discussion, we have already known that a discrete
state is created by the impurity and this discrete energy
( )a ( )b
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FIG. 4: (Color online). The transmission T grl = |tgrl|2 (blue
solid line) and reflection coefficient Rgll = |rgll|2 (red dotted
line), and the sum of T grl + R
g
ll (black dot-dashed line) as a
function of either the energy E. Here ω = ω0 = 0, Jx = 0.5.
Parameters are in units of ξ. (a) ΩI = 0.8,∆ = 0.8, Jz = 0.8,
(b) ΩI = 2.01,∆ = 0.8, Jz = 0.8, (c) ΩI = 2.01,∆ = 1, Jz =
0.6, (d) ΩI = 2.01,∆ = 0.6, Jz = 1.
is outside the band. In this section, new features arise
due to the nonvanishing coupling Jx. It is well known
that when a system is characterized by a coupling of a
certain discrete energy and a continuum state, Fano reso-
nance [20, 23, 24] appears because the discrete state offers
one additional propagation path in the wave scattering
which interact constructively or destructively.
A propagating electron in these channel will occupy an
energy of the form
Ek = ǫg + 2ξ cos kg = ǫe + 2ξ cos ke, (20)
where ke and kg are the electron wave vectors. The pro-
cess that an incident wave impinges upon the structure
under study, and transmitted and reflected wave emerge,
is formulated by
u
g
k (j) =
{
eikgj + rglle
−ikgj j < 0
t
g
rle
ikgj j > 0
, (21a)
uek (j) =
{
De−ikej j < 0
Beikej j > 0
, (21b)
Applying Eq. (21) to the discrete Schro¨dinger equa-
tion (18) for the 0th and ±1th sites, we immediately
obtain the transmission amplitude
t
g
rl =
2iξ sin kg (2iξ sin ke + ω¯e)
(2iξ sin kg + ω¯g) (2iξ sin ke + ω¯e)− J2x
, (22)
within the channel, where the spins of the Bloch elec-
tron and the magnetic impurity are down and up respec-
tively. For later convenience, we denote this channel as
|ge〉 channel. The other channel in this subspace is de-
noted by |eg〉. The transmission amplitude from the |ge〉
channel to |eg〉 channel reads
B =
2iξJx sinkg
(2iξ sinkg + ω¯g) (2iξ sin ke + ω¯e)− J2x
. (23)
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FIG. 5: (Color online). The transmission coefficient as a func-
tion of the energy E. Here ω = ω0 = 0,ΩI = 2.01,∆ =
0.8, Jz = 0.8, Jx = 0.2 for blue solid line and Jx = 0.5 for red
dotted line in units of ξ.
The reflection amplitudes rgll within the |ge〉 channel and
D from the |ge〉 channel to |eg〉 channel can be obtained
by the relation tgrl = 1 + r
g
ll and D = B respectively.
Here, we interest in a specific situation, namely, a regime
where the Fano resonance might happen. Due to the
removing the degeneracy of these two channels by the
applied magnetic field, we can study the above regime
by replacing ke with nπ + iκe. Then Eq. (22) becomes
t
g
rl =
2iξ sin kg [ω¯e − (−1)n 2ξ sinhκe]
(2iξ sin kg + ω¯g) [ω¯e − (−1)n 2ξ sinhκe]− J2x
(24)
In the following discussion we set n = 0.
In Fig. 4, we plot the transmission coefficient T grl =
|tgrl|2 (blue solid line), reflection coefficient Rgll = |rgll|2
(red dotted line), and the sum of T grl + R
g
ll (black dot-
dashed line) as a function of the energy E. It can be
found that: 1) there is a transmission zero (or a per-
fect reflection) inside the band; 2) the flow is preserved,
which is implied by T grl+R
g
ll = 1 in this regime. The van-
ishing transmission is caused by the coupling between
the continuum and the bound state. The reason for
the conserved flow is that except the bound state, other
states are forbidden outside the band of |eg〉 channel,
which is the energy regime we are interested, therefore
energy is conserved in |ge〉 channel. The difference be-
tween Fig. 4(a) and others are that there is some overlap
of the continuum between these two channels, which is
why there are only two transmission zeroes in Fig. 4(a)
and three transmission zeroes in other figures. From
Eq. (18b), we know that there are no delta potentials
at the 0th site in Fig. 4(a,b), however there are a delta
potential well in Fig. 4(c) and a delta potential barrier
in Fig. 4(d). The well increase the transmission at the
right side of the dip and decrease it at the left side of the
dip, vice verse for barrier. Figure 5 shows the influence of
the coupling strength Jx. It can be found that the width
of the dip increases as Jx increases. The above discus-
sion implies that one can use the local magnetic field and
gate voltage to control the transport of this flying qubit,
a device with filtering and switching function is obtained.
IV. CONCLUSION
We have investigated the spin of an electron propa-
gating along the host 1D structure, which interacts and
exchanges information with a local magnetic impurity.
By the tight-binding approach, the spin-dependent trans-
mission/reflection coefficients is calculated within single-
electron configurations. The evanescent states are found,
due to the breaking periodicity of this 1D structure in
r-space, and the energies of the evanescent states can be
adjusted by the local electrode and the external magnetic
field. In particular, we have shown that a total reflection
occurs for a propagating electron spin incident with the
energy of the evanescent state and anti-parallel to the
spin orientation of the impurity. This total reflection is
originated from the Fano resonance. Therefore, the Zee-
man splitting and spin-flip interaction are necessary.
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